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Abstract: Understanding the interaction of light with a highly scattering material is essential for
optical microscopy of optically thick and heterogeneous biological tissues. Ensemble-averaged
analytic solutions cannot provide more than general predictions for relatively simple cases.
Yet, biological tissues contain chiral organic molecules and many of the cells’ structures are
birefringent, a property exploited by polarization microscopy for label-free imaging. Solving
Maxwell’s equations in such materials is a notoriously hard problem. Here we present an efficient
method to determine the propagation of electro-magnetic waves in arbitrary anisotropic materials.
We demonstrate how the algorithm enables large scale calculations of the scattered light field in
complex birefringent materials, chiral media, and even materials with a negative refractive index.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Determining how light propagates in heterogeneous media is a notoriously hard problem [1].
Unless the system of interest has symmetries such as periodicity [2], one needs to solve the
Maxwell equations ab initio with appropriate boundary conditions. While this may be feasible
for relatively simple systems such as Mie scattering [3], multiple scattering of light can lead
to many subtle effects [4–6]. The fractal propagation method can simulate light in biological
tissues [7]; however, calculating the exact light field distribution in arbitrary large heterogeneous
materials remains out of reach for the current generation of computational methods [1]. A further
complication is that the media are generally not isotropic, meaning that the refractive index is
different depending on the orientation of the field polarization. Such birefringence is common
in many samples of interest such as TiO2, the lipid bilayer cell-membrane [8–10], or muscle
fibers [11]. Indeed, birefringence is a valuable, label-free, contrast method [11–16]. Furthermore,
biological tissues contain chiral organic molecules such as glucose, a property that is linked to
the electro-magnetic coupling and cannot be modeled by anisotropic permittivity. In this paper
we investigate the application of the modified Born series [17, 18] to solve Maxwell’s equations
in large heterogeneous electromagnetic media, characterized by arbitrary linear constitutive
relations.
Although finite-element and finite-difference time-domain (FDTD) methods can in principle

handle general electromagnetic problems of an arbitrary size, such methods do not scale well
to the dimensions relevant in microscopy. Only recently it has become possible to represent
the complete field distribution in computer memory for larger samples. Conventional methods
require amounts of high-speed access storage that are considerably larger. For P sample points
the finite-element method typically requires the representation of a sparse 3P � 3P matrix in
memory [19], which is then iteratively applied in order to reach the desired solution. Meanwhile,
the FDTD method requires far higher sampling densities to limit the accumulation of errors.
A quite different, and more physically meaningful iterative method is the Born series, which
calculates the scattered field, with each iteration including the effect of the next highest order
of scattering events. This approach is commonly used for the analytical theory of multiple
scattering [20,21]. When implemented numerically, all operations can be performed in a constant
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space (/ P) and using only fast-Fourier transforms and operations on diagonal matrices. The
high computational efficiency and modest memory requirements make the Born series an ideal
candidate for solving large-scale electromagnetic problems. However, a severe limitation is that
the basic form of the series only converges in the limit of weak scattering. A modified Born
series for scalar waves, which converges for any value of the scattering strength, was recently
proposed by Osnabrugge et al. [17], and generalized to vector waves by Krüger et al. [18]. Yet,
as it stands, this approach is limited to media with an isotropic permittivity and without magnetic
properties. The modified Born series method thus excludes a large class of materials such as
biological tissues that exhibit birefringence or contain chiral organic compounds, as well as any
potential applications to metamaterial structures. Here we generalize the numerical Born series
method to arbitrary linear materials, including those with heterogeneous magnetic properties and
bi-anisotropy. The modification to the Born series is found to be notably more subtle in these
materials. We demonstrate that the algorithm enables large scale calculations of the scattered
light field in complex birefringent materials, chiral media, and even materials with negative
refractive index. Furthermore, we show that the iteration is robust to numerical errors.

To start, we review the simplest application of the Born series and its modified form, as given
in [17, 18]. At a fixed frequency !, the electric and magnetic fields satisfy Maxwell’s equations,
r � E„x” = i!B„x”, and r � H„x” = j„x” � i!D„x”, where j„x” is the electric current density
as a function of the spatial coordinate, x. In first instance, we consider the case that the medium is
isotropic and non-magnetic, and can thus be characterized in terms of a scalar relative permittivity
�„x”. This quantity connects the displacement field D and magnetic flux density B fields to the
electric field E and magnetic field H in the constitutive relations:

D„x” = �0�„x”E„x”; and B„x” = �0H„x” (1)

where �0 and �0 are the vacuum permittivity and permeability, respectively. By substituting both
constitutive relations into Maxwell’s equations we obtain the vector Helmholtz equation for the
electric field

r � r � E„x” � k2
0�„x”E„x” = i!�0 j„x” = S„x”; (2)

where k0 = !�c is the free space wavenumber and S„x” represents the radiation source. In order
to solve Eq. (2) for the electric field E„x”, one must invert the operator O = �k2

0�„x” + r � r�.
We could attempt to do this directly, representing O as a matrix in some basis of eigenfunctions
and then applying a numerical inversion algorithm. However, for moderately large systems
the direct representation and inversion of such matrix is infeasible due to memory and time
limitations. Iterative solutions are therefore required where, starting from some initial guess for
the electric field, one repeatedly applies a matrix until the result is arbitrarily close to the one
that would be obtained from a direct inversion, as for instance in finite element simulations (see
e.g. [19], Chapter 19).
The Born series [22] is a physically motivated version of this iterative procedure that was

used as a mathematical technique long before the current numerical approaches [20]. It involves
splitting the Helmholtz operator, O, into two parts O = Oi + Oh, where the inverse of the
homogeneous part Oh is known, expanding the rest as what is known as the Born series:

O�1 = „Oh + Oi”
�1 =

�
13 + O�1

h Oi

��1
O�1

h

=
�
13 �

�
O�1

h Oi

�
+

�
O�1

h Oi

�2
+ : : :

�
O�1

h =
266664

1Õ

p=0

�
�O�1

h Oi

�p
377775

O�1
h ; (3)

where 13 is the identity operator in three-dimensional space. The operator Oh is typically
associated with propagation through a homogeneous medium, and Oi is due to the inhomogeneity
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of the material. We can thus understand the Born series (3) as representing a sequence of
scattering events, where as our initial guess the source S generates the same field as if the
material were homogeneous E0„x” = O�1

h S, the first iteration adds to this events where a single
scattering event takes place (proportional to O�1

h Oi), the second iteration introduces double
scattering (proportional to „O�1

h Oi”
2), and so on. The main problem with this intuitive expansion

is that in many cases it will not converge. Physically, this is connected to the existence of bound
states [22], which are due to the constructive interference of an infinite number of scattering
events. On the other hand, the mathematical origin of this divergence is simple, it is the same as
the divergence of the scalar series „1 � q”�1 =

˝1
p=0 qp; 8q : q 2 C: for convergence we must

require that jq j < 1. Correspondingly, the Born series, as given by (3), will only converge if all of
the eigenvalues of O�1

h Oi have a magnitude less than unity (for discussion see [22]). Although
there are cases where exact results can be deduced from this series [23], the application of the
Born series is generally restricted to weakly scattering media.

For our particular case we take the homogeneous medium of Oh to have a constant permittivity
� = �r + i�i. The inverse of this operator is given by the Green function for this medium,
O�1

h �
$

G, which is the two-index object (dyadic) that is the solution to

r � r �
$

G„x; x 0” � k2
0�

$

G„x; x 0” = 13�„3”„x � x 0”: (4)

The remaining part of the operator, O, defined by Eq. (2), is the spatially-variant difference
Oi = �k2

0„�„x” � �” � �k2
0 �„x”, where �„x” is the isotropic susceptibility with respect to our

choice of background permittivity, � 2 C. The Born series, as defined in (3), for the electric field
E then becomes

E = O�1S =
266664

1Õ

p=0
„k2

0

$

G�”p
377775

$

GS: (5)

Although we have not yet addressed the problem of convergence, the numerical advantage of this
iterative series is that it can be done in a constant space and with a combination of fast-Fourier
Transform algorithm [24]) and operations on matrices that are diagonal in their spatial indices.
To see this, we observe that � is diagonal in its spatial indices, and that the dyadic Green function
(the solution to Eq. (4)) can be written as a product of a Fourier transform F , a diagonal matrix
(in Fourier space) and an inverse Fourier transform (App. 5.1.2)

$

G = F �1

 
�T

k2 � �k2
0

�
�L

k2
0�

!

F (6)

where �T and �L are projection matrices that separate the field in a super-position of plane waves
with transverse and longitudinal electric-components, respectively. The projection operations are
defined as the outer product of the normalized k-vectors, �L = k 
 k�kk k2, and �T = 13 ��L.
The quantity in the rounded brackets can thus be seen to be a diagonal matrix in the two Fourier
space indices.

Osnabrugge et al. proved the convergence of the modified Born series for the scalar Helmholtz
equation [17], the only proviso being that the system exhibits solely dissipation (no gain), and
that the permittivity is nowhere singular. This was soon extended to the Born series (5) for
Maxwell’s equations in isotropic materials [18]. To ensure convergence, two ingenious steps were
originally taken by Osnabrugge et al. [17]. The first is to notice that the complex background
permittivity � can be chosen freely, changing the eigenvalues of the operator k2

0

$

G�, without
affecting the solution. The second is that one can apply a pre-conditioner, �, to both sides of
recursion relation (5) as follows: �E = k2

0�
$

G�E + �
$

GS ! E = „k2
0�

$

G� + 13 � �”E + �
$

GS.
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The corresponding so-called ‘modified Born series’, which is the counterpart of series (5), is
then given by

E =
266664

1Õ

p=0
Mp

377775
�
$

GS; where M � k2
0�

$

G� � � + 13; (7)

which converges when the absolute value of the largest eigenvalue of M is less than 1. This
condition has been shown [17,18] to hold when both the preconditioning operator is given as
� = i

�i
� and when the imaginary part of the background permittivity, �i, is larger than the largest

value of j�„x”j = j�„x” � �r j, considered over all points, x, in space. The aforementioned work
showed that this modified series can be used to very quickly compute the electromagnetic field
in large media of moderate index contrast. This result relies on the isotropy of the permittivity,
�„x” and on the absence of any magnetic effect or chirality. In this paper we generalize this
approach to media with any permittivity or permeability, including anisotropic, magnetic, chiral,
and bi-anisotropic media. Interestingly we find that proving the convergence of the modified
series seems to be much more subtle when these additional optical effects are accounted for.
We also discuss the convergence speed and memory requirements of this approach, and present
an easy to implement algorithm to calculate electromagnetic wave propagation as we show in
Code 1 (Ref. [25]).
The paper is organized as follows. In Section 2 we describe how the modified Born series

method can be generalized to anisotropic dielectrics. The iterative algorithm is introduced and
we discuss how the preconditioner values can be calculated to ensure convergence. The algorithm
is demonstrated with the polarization-dependent propagation through homogeneous and highly
heterogeneous birefringent materials. Next, we show that the method is not limited to Hermitian
permittivity matrix-functions and that it can be extended to non-Hermitian permittivity. In
Section 3 we show how the preconditioning step of the algorithm can be adapted so that the
same iteration can be used for magnetic materials. Accounting for electric-magnetic coupling
also enables chiral, Tellegen [26], and general bi-anisotropic media. This is demonstrated with
the propagation of a linearly polarized wave of visible light through 10 mm of a highly chiral
substance. Finally we show how the method naturally handles more esoteric materials such as
a solid with a negative refractive index, thus demonstrating the capability of simulating light
propagation in such metamaterials.

2. A convergent Born series for anisotropic dielectrics

As a first step towards a Born series for arbitrary electromagnetic materials, we consider non-
magnetic birefringent materials. Optical elements such as waveplates and Wollaston prisms
are birefringent and characterized by anisotropic permittivity that cannot be represented by a
scalar function, �„x”. In this section we show how the modified Born series can be extended
to permittivity tensors. Later it will be shown that arbitrary electromagnetic problems can be
brought into the same form and solved using the iterative method introduced in this section.
To account for anisotropy, the scalar permittivity �„x” is replaced by the 3 � 3 matrix � „x”

function in the spatial coordinates, x. In this more general case the constitutive relation for the
electric displacement field (1) becomes

D„x” = �0� „x”E„x”; (8)

and similarly the susceptibility becomes �„x” = � „x” � �13. Applying this constitutive relation
to the Maxwell equations as we did to obtain (2), the vector Helmholtz equation becomes

r � r � E � k2
0�E„x” � k2

0 �„x”E„x” = S„x”: (9)

An anisotropic analogue of the modified Born series is given by replacing the scalar preconditioner
with a matrix function, �„x” � i

�i
�„x”, in Eq. (7). The iteration matrix can now be written as a
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function of the matrix function �„x”:

M �
ik2

0
�i

�
$

G� �
i
�i

� + 13: (10)

The question is whether there still exists a choice of �i such that all the eigenvalues of M have
a magnitude less than unity. To show that there is such a choice of �i we consider the numerical
radius, maxn jhn jM jnij, where hn jni = 1. Evidently the numerical radius will always be at least
as large as the largest magnitude eigenvalue of M and thus we can enforce the convergence of the
series (7) through the requirement

max
n

�����

*

n

�����
ik2

0
�i

�
$

G� �
i
�i

� + 13

�����
n

+�����
< 1 (11)

In Appendix 5.2 it is shown that this requirement can be satisfied by choosing �i to be larger
than k�k, the largest singular value of � � � � �r13, under the conditions that the eigenvectors
of � are orthogonal and that the material is free of gain with non-zero losses. Orthogonal
eigenvectors are common in practice, e.g. when there is no point with both anisotropic absorption
and birefringence in the material. In what follows we further show that a sufficiently large value
of �i can ensure convergence for any material with non-zero losses.
The dyadic Green function,

$

G, in convergence condition (11) can be written in terms of the
identity and a unitary operator U as

$

G � „U � 13”�„2ik2
0�i” as discussed in Appendix 5.1.2.

Condition (11) can then be rewritten using the triangle inequality ja + bj � jaj + jbj as

max
n

���hn j�2 � �2
i 13 jni

�� + jhn j�U � j nij
�

< 2�2
i (12)

where � = � + i�i13. To simplify this condition further we apply the Cauchy-Schwarz inequality��h�yn jU �ni
�� �

p
h�yn j�ynihU �n jU �ni = k�nkk�ynk to remove the unitary operator from

the second term, followed by the inequality k�nkk�ynk � 1
2
�
k�nk2 + k�ynk2

�
. Substituting

� = � � i�i13, and simplifying using � + �y = 2�i, yields the stricter inequality:

��hn j�2 � �2
i 13 jni

��+
�
n
����
1
2
„��y + �y�”

���� n
�
�2�ihn j�i jni+�2

i < 2�2
i 8n : knk = 1; (13)

where � = �r + i�i, with �r and �i Hermitian matrices that depend respectively on the reactive
and dissipative response of the material. As a final step we eliminate �2

i from both sides, rewrite
�2 = „1�2”„��y + �y�” + i„��i + �i�”, and apply the triangle inequality to split the first term

����

�
n
����
1
2

�
��y + �y�

����� n
�
� �2

i

���� + jhn j��i + �i�j nij

+
�
n
����
1
2

�
��y + �y�

����� n
�
� 2�ihn j�i jni < �2

i 8n : knk = 1:
(14)

We are now in a position to give a condition for the convergence of our modified Born series.
Assuming that �i is a positive definite operator everywhere, equivalent to assuming a gain-free
material that exhibits a dissipative response throughout space, we can restrict �i to be greater
than the larger of the following two quantities:

A1 = max
n

r
1
2



n
����y + �y�

�� n
�
; A2 = max

n

jhn j��i + �i�jnij
2hn j�i jni

: (15)
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Fig. 1. (a) Demonstration of anisotropic permittivity. Diagonally polarized light propagates
from left to right through a calcite crystal (light gray box) cut at 45� with respect to its
optic axis (indicated by the arrow). It can be seen that, as expected, the in-plane polarized
extraordinary ray (e, magenta) is displaced from the ray that is polarized perpendicular to
the plane (o, cyan). Some interference can be noticed between the incoming wave and its
back-reflection at both the entrance and exit surface of the crystal. (b-e) A circularly polarized
Gaussian beam incident from the left on a birefringent vaterite (CaCO3) microrod with a
diameter of 20 �m forms a complex scattering pattern instead of a single focus. Although
the volume is homogeneous CaCO3, complex, seemingly random, scattering occurs due to
its subdivision in crystals of approximately 1 �m in cross-section for which the fast axis
is oriented randomly with angles � shown as hue in panel (e). Panels (b-d) show the field
components Ex , Ey , and Ez , respectively. The darkness and hue indicate the field amplitude
and phase, respectively, as indicated by the legend in panel (e). An overlaid gray grid outlines
the crystal areas for reference, and the inset shows a 4� magnified detail of the field at the
exit surface.

If the convergence condition �i > maxfA1; A2g, is fulfilled then the inequality (14) will be
satisfied, and the modified Born series will converge for the anisotropic medium in question.

For this particular bound it is very important that�i is positive definite, rather than non-negative.
If �i has a kernel containing even one eigenvector jn0i then for vectors jni = jn0i + � jn?i, A2
diverges as � 1��, as � ! 0. This is because A2 is the analogue of a weak value [27] of �r;i
with respect to the two vectors jni and �i jni, a value which is well known to potentially lie
outside the spectrum of the operator when the two vectors are close to orthogonal (so-called
superweak values [28]). In Appendix 5.2.2 it is shown that when �i has an empty kernel, no
such divergence arises, and the Born series can be made to converge for any anisotropic medium.
As it stands, it is difficult to make use of condition �i > maxfA1; A2g, because the value of A2
cannot be readily estimated. Extensive numerical tests (App. 5.2.2) have also indicate the larges
singular value k�k is a tighter bound for �i that is valid for general gain-free materials, although
we have not been able to show this analytically. As a diverging series is straightforward to detect,
we have set �i = k�k in all our simulations. Note that in the limiting case where the medium
is isotropic and non-magnetic, � = �13, and the basis jni is the position basis, convergence
condition �i > maxfA1; A2g reduces to �i > maxx j�„x”j. This reproduces the convergence
condition found by both Osnabrugge et al. [17] and Krüger et al. [18].
To demonstrate that this series can be used to calculate the propagation of light through an

anisotropic material, we consider a birefringent crystal. Perhaps the most common example is
calcite (CaCO3, no = 2:776, ne = 2:219 at � = 500 nm), which splits an incident beam into
two orthogonally-polarized beams that travel along different paths [29]. Fig. 1(a) shows that the
modified Born series reproduces this effect for a circularly-polarized Gaussian beam (wavelength




































